Colloidal particles with active boundary layers -regions surrounding the particles where nonequilibrium processes produce large velocity gradients -are common in many physical, chemical and biological contexts. The velocity or stress at the edge of the boundary layer determines the exterior fluid flow and, hence, the many-body interparticle hydrodynamic interaction. Here, we present a method to compute the many-body hydrodynamic interaction between N spherical active particles induced by their exterior microhydrodynamic flow. First, we use a boundary integral representation of the Stokes equation to eliminate bulk fluid degrees of freedom. Then, we expand the boundary velocities and tractions of the integral representation in an infinite-dimensional basis of tensorial spherical harmonics and, on enforcing boundary conditions in a weak sense on the surface of each particle, obtain a system of linear algebraic equations for the unknown expansion coefficients. The truncation of the infinite series, fixed by the degree of accuracy required, yields a finite linear system that can be solved accurately and efficiently by iterative methods. The reduction in the dimensionality of the problem, from a three-dimensional partial differential equation to a twodimensional integral equation, allows for dynamic simulations of hundreds of thousands of active particles on multi-core computational architectures.
I. INTRODUCTION
There are many examples in physics, chemistry and biology, where non-equilibrium processes at the surface of a particle drive exterior fluid flow and lead, possibly, to motion of the particle. Such non-equilibrium processes are frequently confined to a thin region surrounding the particle, as for example in phoretic phenomena [1] , motion in chemically reacting flows [2] , and in ciliary propulsion [3] . Methods have been developed [1] , following the pioneering efforts of Helmholtz [4] , Smoluchowski [5] and Derjaguin [6] , to relate the rigid body motion of a particle to the structure of the active boundary layer that surrounds it. The corresponding many-body problem, of determining the collective motion and exterior flow of N particles with active boundary layers, has received much less attention [7] [8] [9] . In this contribution, we present a systematic method of computing many-body hydrodynamic interactions between spherical colloidal particles due to the exterior microhydrodynamic flow produced by active boundary layers at their surfaces.
The outline of this contribution is as follows. In Section II, we show that many-body hydrodynamic interactions between active colloidal particles are obtained from solutions of the Stokes equation, with boundary conditions that are determined by the active boundary layer. Depending on the structure of the boundary layer, these may be Dirichlet conditions specifying the surface velocity, or, Neumann conditions specifying the surface traction. In either case, the fluid flow in the bulk can be obtained as integrals of the boundary velocities and tractions over the particle surfaces. Enforcing the boundary conditions in a weak sense leads to an integral equation for the unknown boundary tractions (when Dirichlet boundary conditions are imposed) or the unknown boundary velocities (when Neumman boundary conditions are imposed). By expanding the boundary fields in a complete basis of functions, an infinite-dimensional linear system is obtained for the coefficients of the unknown boundary fields. The solution determines both the exterior fluid flow and the rigid body motion of the active colloidal particles. In Section III, we consider spherical colloidal particles and use tensorial spherical harmonics as basis functions. We obtain explicit expressions for the bulk fluid flow and for the matrix elements of the infinite-dimensional linear system.
Contributions to the bulk fluid flow from the tensorial spherical harmonic boundary modes are conveniently classified in terms of irreducible combinations of the expansion coefficients.
In Section IV, we truncate the infinite dimensional linear system of equations to the minimal number of basis functions required to produce active translation and rotation of an isolated spherical particle. Fortunately, at this order of truncation, all long-ranged hydrodynamic interactions are also automatically included. We plot all the long-ranged flows and the flow due to an actively rotating particle. We conclude with a discussion of further applications of the integral equation technique for computing hydrodynamic interactions in active colloidal suspensions.
II. BOUNDARY INTEGRAL EQUATION FOR MICROHYDRODYNAMICS
We consider N active particles in an unbounded incompressible fluid of viscosity η. The position of the center of mass, the translational velocity and the rotational velocity about the center of the mass are, respectively, R n , V n , and Ω n . Points on the boundary, S n , are labelled in the frame attached to the center of the mass by ρ n , or equivalently, in the laboratory frame by r n = R n + ρ n . In the region bounded by the particles, the fluid satisfies Stokes equation [10, 11] ,
where v, p and σ are the fluid velocity, pressure and stress respectively. At the particle boundaries, the fluid velocity satisfies boundary conditions determined by the activity. As discussed in the Introduction, a generic consequence of activity on the surface of rigid bodies is the appearance of a boundary layer. When the boundary layer is thin compared to the particle size, its effect appears as a boundary condition, on either the velocity or the traction, at the particle surface. A discussion of both forms of the boundary conditions and when each is appropriate, is available in [1] . Here, we assume that velocity boundary conditions are specified, though our method applies equally to traction boundary conditions.
Considering Dirichlet boundary conditions, the velocity seen by the fluid at the edge of the boundary layer is the sum of the rigid body motion of the particle and the asymptotic value, v a , of the velocity in the boundary layer. Assuming the fluid to be at rest at infinity, the boundary conditions are
The solution of the boundary value problem in Eq.
(1) provides the surface traction on each particle, from which the force F e and the torque T e , and therefore, the particle motion can be computed.
where, n is the unit normal pointing away from the particle in the fluid, m and I are the mass and the moment of inertia of the particle respectively. In the absence of inertia, as appropriate to the microhydrodynamic regime, and external forces and torques, Newton's equation reduces to a pair of constraints which determined the velocity and angular velocity,
It is well-known that the solution of the three-dimensional partial differential equation in
Eq. (1) can be expressed as an integral of the velocity and traction fields over the boundaries of the particles [12] [13] [14] [15] 8πη
where ρ = r − r , f (r m ) = n · σ is the traction and v(r m ) is the velocity on the boundary of the m-th particle. G(r, r ) is the Green's function of Stokes flow that vanishes at infinity and K(r, r ) is the stress tensor associated with this Green's function and the pressure vector
To motivate this expression, we recall that the electrostatic problem of computing the potential due to N spheres has a similar form. There the potential is determined by Laplace's equation,
which has a integral representation [16] 4π
The potential in space, ψ, is expressed as integrals of the potential and its normal derivative n · ∇ψ = σ, where is the permittivity and σ is the surface charge density, over the particle surfaces. Thus, there is a close analogy between the microhydrodynamic and electrostatic problems, with the correspondence
The analogy is not wholly complete since n i K i is the normal derivative of the Green's function of the Laplace equation, while n k K ijk is the sum of normal derivative of the Green's function of the Stokes equation and a pressure Green's function. However, it does provide a heuristic for understanding microhydrodynamic phenomena guided by electrostatic analogies.
Evaluating the fluid velocity in the integral representation at the boundaries and treating the second integral in a limiting sense, leads to an integral equation for the unknown traction fields [12] [13] [14] [15] ,
This is a self-adjoint, Fredholm integral equation of the first kind for the unknown boundary tractions.
Here, we use the Galerkin method to discretize and solve the integral equation [17, 18] . In this method, the boundary fields are expanded in a complete, orthogonal basis of functions
Inserting this in the boundary integral representation, Eq. (5), provides an expression for the bulk fluid flow in terms of the coefficients of each surface mode φ (l) (r m ) of the velocity and traction fields.
In this expression, the coefficients of the velocity V 
The matrix elements of this linear system are integrals of the Green's function and the stress tensor over pairs of boundaries, weighted by the basis functions on each boundary,
Collecting the known coefficients of the velocity in an infinite-dimensional vector V and the unknown coefficients of the traction in an infinite-dimensional vector F, the boundary integral equation can be expressed as an infinite-dimensional linear system
This linear system must be solved, together with the pair of integral constraints on the tractions, to determine the flow and the particle motion. Efficient iterative methods are available to solve such self-adjoint linear systems.
The Galerkin method transforms the Fredholm integral equation for the m unknown functions f (r m ) into a countably infinite system of linear equations for the unknown coefficients
m . The matrix of the linear system is clearly symmetric in both the particle and mode indices. The Galerkin discretization thus preserves the self-adjoint character of the integral equation. This is of great advantage in numerical solution of the linear system and provides at least one reason for preferring Galerkin discretization over collocation [19] methods that, usually, do not yield symmetric discretization of self-adjoint problems.
In the next section, we apply this general formulation to N active spheres using the tensorial spherical harmonics as basis functions. This leads to explicit expressions for the integral contributions to the flow and the matrix elements of the linear system. Additionally, the succinct expressions are obtained for the rigid body motion of the particles in terms of these quantities.
III. MICROHYDRODYNAMICS OF ACTIVE SPHERES
We now consider the problem of N colloidal spheres of radius a with active boundary layers. The sphere centers are at R n and their velocities and angular velocities are V n and Ω n respectively. Additionally, the orientation of each sphere is specified by an unit vector p n , which, as we shall see below, is related to the direction of active motion. The system of coordinates is shown in Fig. (1) .
There are several choices of the Galerkin basis function φ (l) (r n ) on a sphere. Spherical harmonics are the most natural choice for expanding scalar fields on the sphere. However, they are not as convenient in expanding vector fields, as the expansion coefficients do not transform as Cartesian tensors. To circumvent this inconvenience, we use tensorial spherical harmonics as the expansion basis [20] . The l-th tensorial spherical harmonic is an irreducible Cartesian tensor of rank l. Consequently, the expansion coefficients are Cartesian tensors of rank (l + 1), symmetric irreducible in their last l indices. Elementary angular momentum algebra shows that they must be a sum of three irreducible tensors of rank (l − 1), l and (l + 1). This leads to a very convenient classification of matrix elements, flow integrals, and the rigid body motion due to hydrodynamic interactions, as we now show.
The tensorial spherical harmonics are defined as
We write this in a more compact notation The tensorial spherical harmonics define the irreducible Cartesian tensor polynomials,
Also, the tensorial spherical harmonics obey the orthogonality relation [21] , when averaged over the surface
where, the ∆ (l) projects any l-th order tensor to its symmetric irreducible form [21, 22] . We expand both velocities and tractions in tensorial spherical harmonics
where indicates a l-fold contraction between a tensor of rank-l and a higher rank tensor. 
The linear system in this basis is
with the off-diagonal (m = n) matrix elements
The expression of the diagonal (m = n) matrix elements can be obtained by taking Fourier transform of the Green's function [20, 23] 
Flow contributions K (l+1) and matrix elements K (l+1, l +1) are simply related to G (l+1) and G (l+1, l +1) and need not be calculated separately. Detailed derivation of these results will be presented in a future work.
The rigid body motion of the active spherical particles is obtained from the boundary integral equation Eq. (11) upon recalling, from Eq. (2), that the boundary velocity is a sum of the rigid body motion and the known active velocity. Integrating both sides of Eq. (11) over S n gives the translational velocity while multiplying both sides by ρ n and then integrating over S n gives the angular velocity,
The above 
determine the translational and rotational dynamics of the particles in their mutual hydrodynamic flow and complete the description of the microhydrodynamics of active colloidal particles. The cubic spinlet mode produces force-free, torque-free rotation.
IV. MINIMAL TRUNCATION FOR ACTIVE SPHERES
The linear system of equations obtained in the previous section must be truncated to obtain numerical solutions. The number of retained modes in the infinite series expansion of traction determines the accuracy to which the hydrodynamic interactions can be computed.
In this section, we present a minimal truncation, in which the traction is expanded to cubic order in the tensorial spherical harmonics. As we now show, this is sufficient to generate force-free, torque-free translations and rotations of a single isolated sphere, to produce vorticity in the fluid, and to compute all long-ranged contributions to the hydrodynamic interaction between active spheres. To cubic order in ρ the expansion of the traction is
Each F (l+1) is an (l + 1)-th rank tensor, irreducible in its last l indices. From elementary angular momentum algebra, it follows that F (l+1) can be expressed as the sum of three irreducible tensors of rank (l + 1), l, and (l − 1). This irreducible decomposition of the coefficients is [24] [25] [26] [27] 
Here, F, T and S are the familiar force, torque and stresslet strengths. D, Ψ and Γ are the irreducible parts of the quadratic coefficients F (3) . They are irreducible tensors of rank 1, 2, and 3 as expected from angular momentum algebra. Similarly, Θ, Λ and Ξ are the irreducible parts of the cubic coefficients F (4) , and again, are tensors of rank 2, 3 and 4. The net flow in terms of the irreducible components is
where
The rigid body motion of a particle n can be obtained using the flow expression v(r)
The N particle version is simply a linear superposition of contributions due to each particle.
The flows has been plotted for a single particle in Fig. (2) . The contributions from the double layer has an identical structure which we will discuss fully in a future work.
The Galerkin method of solving the boundary integral equation in a tensorial spherical harmonic basis introduced here is an efficient and accurate method to compute hydrodynamic interactions in active colloidal suspensions. The reduction in dimensionality, from a three dimensional partial differential equation, to a two dimensional integral equation is a particularly attractive feature of the method. This allows for efficient simulation of hundreds of thousands of active particles on multi-core computational architecture. The extension to other geometries is accomplished by using a Green's function appropriate to that geometry.
Thus, active colloidal suspensions near plane walls and in periodic domains can be treated within this method. Applications to suspension rheology beyond the dilute limit and to hierarchical assemblies of active colloidal particles, like filaments and sheets, will be presented in future contributions. 
